
A
lgebra:

Sim
ultaneous

Equations
and

Inequalities
Dr.Barry

Ryan
Kilm

artin
EducationalServices

O
bjectives

•
U
nderstand

whatquestionsare
asking!

•
V
isualise

inequalities.
•
D
o
m
any

sim
ultaneousexam

plesasthey
should

be
easy

m
arks

•
G
etfam

iliarwith
algebraic

fractions
•
U
se

the
−

b
form

ula
yetagain!

R
eview

Sim
ultaneous

linear
equations

•
Ifhave

one
unknown

variable
x,need

only
one

equation
to

solve
for

x.5x
−

9
=

3
isall

inform
ation

needed
to

find
x

•
Ifhave

two
unknown

variables,
x
and

y,iftold
x

+
y

=
1000

notenough
inform

ation.Infinite
solution

set.A
second

equation
relating

x
and

y
isneeded

to
isolate

a
unique

solution
•
U
sualexam

situation
isthree

unknowns
x,y

and
z
which

now
requiresthree

equationsrelating
x,y

and
z

•
Linearm

eansno
x

2or
y

2or
x
y
term

s.
x
y
isa

crossterm
.The

cross
term

scan
be

the
treacherousones.Ifthey

are
absent,allworkslike

clockwork
•

B
onus:N

O
CRO

SS
TERM

S
in

circle
problem

s
in

Paper2,skillsm
astered

here
answertwo

questionsin
coordinate

geom
etry

A
lgebraic

Inequalities
•
Justlike

JCH
num

berline
problem

s
•
Beware

m
ultiplying

acrossan
inequality

by
an

algebraic
expression

thatcould
be

negative
•
Forquadratics,inequality

reducesto
finding

the
rootsand

inequality
furnishesdom

ain
•
H
aving

a
visualim

age
ofthe

problem
greatly

assistssolution.

Skills:
Factorising

in
general

Factorising,
for

LCH
can

m
ean

sim
plifying.

Best
with

exam
ples.

M
aybe

the
m
ost

challenging?
A
ll

P
aper

1

2009
Find

the
value

of
xy

when
2x+

3y
x+

6y
=

45
Solution

D
ivide

through
by

y
and

solve.

2008
Sim

plify
fullyx

2+
4

x
2−

4
−

x

x
+

2

A
lgebraic

Inequalities

2018
Solve

the
inequality,

2x−
3

x+
2
≥

3
given

that
x
6=

−
2.

2005
Solve

|x
−

1|≤
7

LC
H

required
skills

Factors,m
ultiples.D

ifference
ofsquares:x

−
y

=
( √

x
−
√

y)( √
x

+
√

y)!D
ifference

ofcubes.Conditions
on

roots
ofquadratic

to
be

realdistinct,realequalor
com

plex
num

bers.
Finding

com
m
on

denom
inators

forsym
bolsratherthan

num
bers

Sim
ultaneous

E
quations

2018
.Solve

the
sim

ultaneousequations

2x
+

3y
−

z
=
−

4

3x
+

2y
+

2z
=

14

x
−

3z
=
−

13

Solution
Easierto

let
x

=
3z
−

13
and

substitute,
to

solve
buttry

yourself.

Q
uadratic

Inequalities
2014

Find
valuesof

x
such

that
2x

2+
x
−

15
≥

0
Solution

Ithelpstovisualisethis.W
ecan

factorize
by

inspection
or

use
the
−

b
form

ula(try
yourself).

So
x

=
2.5

and
x

=
−

3
are

the
rootsaswe

can
see

in
the

graph
below.Valuesof

x
are

in
red.W

hy?

The
valuesof

x
are

thus
x
≥

2.5
and

x
≤
−

3

Further
LC

H
P

roblem
s

2005
The

cubic
has

one
integer

root
and

two
irra-

tionalroots
4x

3+
10x

2−
7x
−

3
=

0
Expressthe

two
irrationalrootsin

su
rd

form
.

2006.
Solve

the
sim

ultaneous
equations.

N
ote

not
linear.M

ore
than

one
solution

y
=

2x
−

5
and

x
2+

x
y

=
2

U
seful

V
ocabulary

•
(n.)

sign
→

+
or−

•
(n.)

equation
→

som
eth

in
g

=
0

•
(n.)

factor→
two

m
ultiplied

factorsgive
result

•
(v.)

factorise
→

putting
into

brackets
•
(n.)

coeffi
cient→

a
constantnum

beri.e.
a,

b,
c,d

in
a
pattern

a
x

3+
bx

2+
cx

+
d

•
(n.)

cubic
→

f(x)=
a
x

3+
bx

2+
cx

+
d

•
(n.)

root→
solution

ofa
quadratic

orcubic

A



A
lgebra:

Q
uadratic

Functions
Dr.Barry

Ryan
Kilm

artin
EducationalServices

O
bjectives

•
U
nderstand

the
conceptsofrootsand

factors.
•
Revision

from
JCH

•
Factorising

Q
uadratics.

•
Proving

som
e
usefulidentities.

•
U
se

conditionson
b 2−

4a
c
to

classify
roots.

Q
uick

R
evision

Form
s

of
Q

uadratic
Function

•
f(x)=

a
x

2+
bx

+
c
isform

in
the

m
athem

atical
tables.

•
f(x)=

a(x
−
x

1 )(x
−
x

2 )iscalled
the

factored
form

,where
x

1 and
x

2 are
the

rootsofthe
quadratic

function.These
are

the
valuesof

x
where

we
cutthe

x
axis.

•
f(x)=

a(x
−
h) 2+

k
iscalled

the
vertex

form
.

Thisisfrequently
exam

ined
aswe

can
quickly

determ
ine

the
localm

axim
um

orm
inim

um
using

the
derivative

of
f(x).

T
he

expression
∆

=
b

2−
4a
c

This
is

the
expression

under
the

square
root

in
the

−
bform

ula.Ittellsushow
m
any

realsolutionsthe
quadratic

equation
has:

num
berofsolutions=

 2
when

∆
>

0
1

when
∆

=
0

0
when

∆
<

0
T

he
Q

uadratic
Form

ula

x
=
−
b±
√
b 2−

4a
c

2a
G

raph
of

Q
uadratic

Function

Figure1:Graph
of
f(x)=

a
x

2|{0.1,0.3,1.0,3.0}

Factorising
from

JC
H

Factorising
a

quadratic
m
eans

putting
it

into
two

brackets,
and

is
useful

if
you’re

trying
to

draw
a
graph

ofa
quadratic

solve
a
quadratic

equa-
tion.Beware

a
(in

a
x

2+
bx+

cform
)isnotalways1.

In
order

to
factorise

a
quadratic

you
should

follow
stepsoutlined

below:

1Rearrange
the

equation
into

the
standard

a
x

2+
bx

+
c
form

.
2W

rite
down

two
brackets:(x

)(x
)

3Find
two

num
bersthatm

ultiply
to

give
’c’and

add
orsubtractto

give
’b’(ignoring

signs).
4Putthe

num
bersin

bracketsand
choose

their
signs.

Factorising-
T

asks

1.Factorise
x

2−
x
−

12.

2.
Find

the
two

values
of
k
such

that
x

2+
k
x

+
9

hastwo
equalroots.

3.If
x

2+
(2p−

3q)x
+

(3p+
2q)=

x
2−

3x
+

7,find
p
and

q

4.IF
a
x

2+
bx(x

−
4)+

c(x
−

4)=
x

2+
13x
−

20,
find

a,b
and

c

LC
H

required
skills

Long
division,definition

ofrootand
factor,

u
shaped

or
n
shaped.M

atch
coeffi

cientseven
when

they
are

sym
bols.Recognise

a
difference

ofsquares
and

cubes.A
square

roothastwo
solutions.Interpretwhat

the
value

of
b 2−

4a
c
m
eansforthe

roots.

E
xam

ple
of

Factorisation

Solve
x

2+
4x
−

21
=

0
by

factorising.

x
2+

4x
−

21
=

(x
)(x

)

1
and

21
m
ultiply

to
give

21
-and

add
or

subtract
to

give
22

and
20.

3
and

7
m
ultiply

to
give

21
-and

add
orsubtractto

give
10

and
4.

x
2+

4x
+

21
=

(x
+

7)(x
−

3)

A
nd

solving
the

equation:
(x

+
7)(x
−

3)=
0

we
get

x
=
−

7,
x

=
3

A
lgebra

w
ith

roots

Let
α
and

β
betherootsof

a
x

2+
bx

+
c
Let’sprove

that:
α

+
β

=
−
ba
and

α
β

=
ca

G
iven

that
α

and
β

are
roots,

we
can

write
the

quadratic
as
a(x
−
α)(x

−
β)=

a
x

2+
bx

+
c

M
ultiplying

out

a
x

2−
a(α

+
β)x

+
a
α
β

=
a
x

2+
bx

+
c

and
m
atching

coeffi
cients

α
+
β

=
−
ba
and

α
β

=
ca

M
ore

problem
s

1.If
α

and
β
are

rootsof
x

2−
9x

+
7

Find
1α

+
1β
withoutsolving

the
quadratic!

Find
a
quadratic

whose
rootsare

1α
and

1β

2.If(x
+
p) 2−

q
=
x

2−
4x
−

10
Find

p
and

q

G
lossary

verb
noun

m
eaning

value
plug

in
f(4)

solve
solution

getting
answer

substitute
substitution

t=
x

2

Table1:W
ord

Form
ation

U
seful

V
ocabulary

•
(n.)

sign
→

+
or−

•
(n.)

equation
→

som
eth

in
g

=
0

•
(n.)

factor→
two

m
ultiplied

factorsgive
result

•
(v.)

factorise
→

putting
into

brackets
•
(n.)

coeffi
cient→

a
constantnum

beri.e.
a,
b,

c
in

a
pattern

a
x

2+
bx

+
c

•
(n.)

quadratic
function

→
f(x)=

a
x

2+
bx

+
c

•
(n.)

root→
solution

ofa
quadratic

orcubic

B



A
lgebra:

C
ubic

Functions
Dr.Barry

Ryan
Kilm

artin
EducationalServices

O
bjectives

•
U
nderstand

the
conceptsofrootsand

factors.
•
Factorising

Cubics.
•
Proving

som
e
usefulidentities.

•
U
se

the
−

b
form

ula
yetagain!

R
eview

Form
of

a
C

ubic
Function

•
f(x)=

a
x

3+
bx

2+
cx

+
d
isform

ofa
cubic.

•
f(x)=

a(x
−

x
1 )(x
−

x
2 )(x
−

x
3 )iscalled

the
factored

form
,where

x
1 ,

x
2 and

x
3 are

the
rootsofthe

cubic
function.These

are
the

values
of

x
where

we
cutthe

x
axis.

•
W
e
can

also
expressas

f(x)=
a(x
−

x
1 )(x

2+
rx

+
s)Thisisfrequently

exam
ined.

W
hat

cubics
look

like

Figure1:Graph
ofa

Cubicwith
a

positive

Factorising
a

C
ubic

Factorising
a

cubic
m
eans

putting
it

into
three

brackets,
and

is
useful

if
you’re

trying
to

draw
a

graph
.
Beware

a
(in

a
x

3+
bx

2+
cx

+
d
form

)
is

notalways1.

In
order

to
factorise

a
cubic

you
should

follow
stepsoutlined

below:

1ForLCH
,one

rootwillalw
ays

be
an

integer
2W

rite
down

the
firstfactor

x
−

x
1

3Perform
long

division
to

geta
quadratic

4U
se
−

b
form

ula
to

gettwo
rem

aining
roots

LC
H

P
roblem

s
P

aper
1

1.
2017

Factorise
2x

3+
5x

2−
4x
−

3
given

that
x

=
−

3
isa

root.

2.2015
Solve

x
3−

3x
2−

9x
+

11
=

0

3.2014
A

function
f(x)

satisfies
f(−

3)
=

0,
f(−

1)
=

0
and

f(2)
=

0.
It

cuts
the

y
axis

at
(0,−

6).
Verify

f(x)
can

be
written

as
x

3+
2x

2−
5x
−

6

LC
H

required
skills

Long
division,definition

ofroot
and

factor,what
shape.

M
atch

coeffi
cients

even
when

they
are

sym
bols.

Recognise
a
difference

ofsquares
and

cubes.A
square

roothastwo
solutions.Interpretwhatthe

value
of

b 2−
4a

c
m
eansforthe

rootsofthe
quadratic

rem
ainderafterlong

division

LC
H

P
aper

1
2018

question
2

f(x)
=

x
3−

17x
+

80x
−

64.
Show

that
f(1)

=
0

and
find

another
rootof

f(x).
Solution

x
=

1
is

a
root,so

(x
−

1)
is

a
factor.

W
hy?

D
ivide

x
−

1
into

f(x)

x
2−

16x
+

64
x
−

1 
x

3−
17x

2+
80x
−

64
−

x
3

+
x

2

−
16x

2+
80x

16x
2−

16x
64x
−

64
−

64x
+

640

LC
H

2018
continued

W
enow

havea
quadraticrem

ainder.By
inspection,

we
can

see
that

it
has

two
equalroots

x
2

=
8
and

x
3 =

8.The
factorisation

willbe
f(x)=

(x
−

1)(x
−

8)(x
−

8)
W
e
can

use
the
−

b
form

ula
but

also
can

you
show

that
b 2−

4a
c

=
0?

This
is

the
condition

for
equal

roots!

C
alculus

P
roblem

s

1.Find
the

criticalpointsof
x

3+
2x

2−
5x
−

6
D
eterm

ine
which

criticalpointisa
m
axim

um
,m

in-
im

um
and

pointofinflection.

2.If(x+
p) 2−

q
=

x
2−

4x−
10.Find

p
and

q.H
ence

determ
inethem

inim
um

pointofthefunction.W
hy

is
a
m
inim

um
and

not
a
m
axim

um
?

W
hat

dom
ain

isthe
function

increasing
and

decreasing?

G
lossary

verb
noun

m
eaning

value
plug

in
f(4)

solve
solution

getting
answer

substitute
substitution

t=
x

2

Table
1:W

ord
Form

ation

U
seful

V
ocabulary

•
(n.)

sign
→

+
or−

•
(n.)

equation
→

som
eth

in
g

=
0

•
(n.)

factor→
two

m
ultiplied

factorsgive
result

•
(v.)

factorise
→

putting
into

brackets
•
(n.)

coeffi
cient→

a
constantnum

beri.e.
a,

b,
c,d

in
a
pattern

a
x

3+
bx

2+
cx

+
d

•
(n.)

cubic
→

f(x)=
a
x

3+
bx

2+
cx

+
d

•
(n.)

root→
solution

ofa
quadratic

orcubic

C



A
lgebra:

Tricks
for

LC
H

Dr.Barry
Ryan

Kilm
artin

EducationalServices

O
bjectives

•
D
evelop

severalalgebra
tricksto

m
ake

exam
easier

•
Identify

m
ethod

required
in

contextofquestion
•
See

thatthe
square

ofany
realcom

plicated
algebraic

expression
isalwayspositive

•
G
etbetterwith

cubics

R
eview

There
are

only
5-6

algebra
question

typesthatbasi-
cally

repeatthem
selves.

Sim
ultaneous

E
quations

A
lgebraic

Inequalities

A
lgebraic

Fractions

Q
uadratics

C
ubics

W
ehavelearned

to
tacklethesequestionsbutsom

e-
tim

es,success
in

solution
depends

on
a
few

subtle
little

algebra
tools.

**
denote

tough
problem

s
or

concepts.

D
ifference

of
T
w
o
Squares

Factorising,
for

LCH
can

m
ean

sim
plifying.

Best
with

exam
ples.

M
aybe

the
m
ost

challenging?
A
ll

P
aper

1

Factorize
x

2−
16

Solution
(x
−

4)(x
+

4)

Factorize
3x

2−
75

Solution
3(x

2−
25)

=
3(x
−

5)(x
+

5)

Factorize
x
−

1x
Solution

( √
x
−

1√x )( √
x

+
1√x )

Sim
plify

x−
9

√
x+

3 Solution
( √
x+

3)( √
x−

3)
√
x+

3
=
√
x
−

3

D
ifference

of
T
w
o
C
ubes

x
3−

y
3=

(x
−
y)(x

2+
x
y

+
y

2)

x
3+

y
3=

(x
+
y)(x

2−
x
y

+
y

2)

P
roblem

If
α

+
β

=
4
and

α
β

=
−

5
find

value
of

α
3+

β
3?

Solution
(α

+
β)(α

2−
α
β

+
β

2)=
4(α

2+
β

2+
5)

But
α

2+
β

2=
(α

+
β) 2−

2α
β

=
16+

10
=

26

So
solution

is124!

LC
H

required
skills

Factors,m
ultiples.D

ifference
ofsquares:x

−
y

=
( √
x
−
√
y)( √

x
+
√
y)!D

ifference
ofcubes.Conditions

on
roots

ofquadratic
to

be
realdistinct,realequalor

com
plex

num
bers.

Finding
com

m
on

denom
inators

forsym
bolsratherthan

num
bers.Binom

ialTheorem
**

T
ricks

for
A
lgebaic

Fractions

M
ostim

portantobservation
from

classis
1x

+
1y

=
x

+
y

x
y

2007**
Show,if

x
+
a
≥

0,

x
+

9
x

+
a
≥

6−
a

W
ecan

m
ultiply

acrossby
x

+
a.W

hy?
You

should
end

up
trying

to
prove

that
x

2+
2a
x
−

6x
+
a

2−
6a

+
9
≥

0
Thiscan

be
rearranged

to
try

and
prove

x
2+

2(a
−

3)x
+

(a
−

3) 2≥
0

butthisis
(x

+
(a
−

3)) 2≥
0

which
isalwaystrue.U

gh!!!

T
ricks

for
A
lgebraic

Inequalities

O
bserve

that(a
−
b) 2ispositive

forall
a
,bεR

Ifwe
can

getan
algebraic

expression
in

thisform
,we

can
prove

generalinequalities.

2005
show

thatforall
a
and

b
,reals

a
+
b

2
≤

√√√√√√√√√√√√ a
2+

b 2

2
solution

Square
both

sidesand
sim

plify
to

get

a
2+

2a
b+

b 2≤
2(a

2+
b 2)

REA
RRA

N
G
E
a

2−
2a
b+

b 2≥
0

and
we

are
done.W

hy?

**B
inom

ial
T
heorem

W
e
can

m
ultiply

out(x
+
y) 3to

get
x

3+
3x

2y
+

3x
y

2+
y

3

Butwhatabout(x
+
y) 8?

There
is

a
lovely

result
called

the
binom

ialtheorem
that

gives
this

to
you.

It
uses

sam
e
m
athem

atics
from

probability
called

com
binations.

(x+
y)
n

=
 n0

 x
n+

 n1

 x
n−

1y+
...+


n

n
−

1  x
2y
n−

1+
 nn

 y
n

The
generalterm

is
 nr

 x
n−

ry
r

where
 nr =

n!
(n−

r)!r!
2018

P
aper

2

(n
+

3)!(n
+

2)!
(n

+
1)!(n

+
1)! =

a
x

3+
bx

2+
cx

+
d

Find
a,b,c

and
d.

2005
The

first
three

term
s
in

the
binom

ialexpan-
sion

of(1+
k
x)

nare1−
21x+

189x
2.Find

thevalue
of
k
and

n.

D



Exponentials and Logarithms
Dr. Barry Ryan

Kilmartin Educational Services

Objectives
•Underpinning of all of multiplication and
division

•Understand that log is the inverse of
exponential

•Solve logarithm algebra questions
•Learn tricks vital to whole exam

Review

Exponentials
•Expression of the form ap ,a is the base
•We can multiply apaq = ap+q

•Take the power (ap)q = apq

•Two bases, (ab)p = apbq

•
√

6 = 61
2 = 21

231
2 =
√

2
√

3
•We use these definitions to define fractions
a−1 = 1

a1 = 1
a.

Logarithms
• Inverse of exponentials
• loga(xy) = logax + logay

• loga(xy) = logax− logay
• logaxn = nlogax

• logaan = n

• log3729 = 6

—————————————————————
————————-

Exponentials and Algebra, again

All Paper 1

2008 Solve 2x2 = 82x+9 Solution 2x2 = 26x+27. So
x2 = 6x + 27 giving as factorization

(x− 9)(x + 3)

2011 Solve 32x+1 − 17(3x) − 6 = 0 Solution Let
y = 3x. Can you show above equation reduces to

3y2 − 17y − 6 = 0
factorization of which is (3y+1)(y−6) so 3x = −3−1

or 3x = 6. First root does not exist as an exponential
can never be negative. So x = ln6

ln3

Logarithms and Algebra

2016 Given loga2 = p and loga3 = q express in
terms of p and q

loga
8
3

and
loga

9a2

16
Solution

loga
8
3

= loga8− loga3 = 3p− q

loga
9a2

16
= loga9a2 − loga16

which reduces to
2q + 2− 4p

Logarithm inverse of Exponential

If ax = y then x = logay

Further Indices Problems

1995
Solve 2x + 21−x − 3 = 0
2003
Solve 22y+1 − 5(2y) + 2 = 0
2002
Solve 8

2x = 32
2000
Solve 3ex − 7 + 2e−x = 0
Important observation: Comes up in calculus
questions often:
Solve for x

(x2 − 1)e−x2 = 0

NOTE that exponential functions never return zero
or a negative number. So only solutions are when
(x2 − 1) = 0 yielding either x = 1 or x = −1

Further Log Problems

1995
Solve log2(x + 2) + log2(x− 2) = 5
2000
Solve 2log9x = 1

2 + log9(5x + 18)
2004
Solve log4x− log4(x− 2) = 1

2
1996**
Solve the simultaneous equations

log(x + y) = 2log(x)
log(y) = log(2) + log(x− 1)

This looks difficult but reduces to
x + y = x2

and
y = 2(x− 1)

for which we solve the quadratic x2 − 3x + 2

Important Result for Logs

2005**
logab = 1

logba

Need to use inverse. Let logab = x. Then b = ax by
definition. So,

a = b
1
x

and 1
x

= logba

Voila!
1999**
Show that

1
log2x

+ 1
log3x

+ 1
log5x

= 1
log30x

Using above general result, this reduces to
logx2 + logx3 + logx5

which equals logx30 and

logx30 = 1
log30x

!

Easy to Forget!
•ax positive for all xεR
• logax only defined for x > 0
• logaa = 1
• loga

√
a = 1

2
• 2loga(x) = loga(x2)

E
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Project Mathematics Higher



  Introduction to Algebra

              
             

            
          

            
            

              
            

             
            

      

This document is the first module in a sequence of modules which will cover all
sections of the LC Project Mathematics syllabus. We will start with algebra which is
the backbone of the course. We will use algebra style questions from Projects
Mathematics papers since the new syllabus was introduced. The issue confronting
students is there is not enough material reflecting the range of possible questions
from the syllabus. Theory will be interspersed with the exam questions as we
progress, so we will learn the theory from doing questions rather than the other way
round! Another issue tutoring project maths is that any one question can combine
techniques from several parts of the course. Some of the examples that follow may
only be partial questions as the subsequent part may involve calculus. But mastering
algebra will make your calculus really excel.

            
         

          
           

The structure of this module and the subsequent modules will be Section one,
Project Mathematics questions. Section two, pre Project Mathematics questions, all
interspersed with theory. There may be appendices pointing out more esoteric
ideas. Any theory that is non-examinable will be highlighted by an asterisk.
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Question 1   
(a) Solve the simultaneous equations. 
   2 + 3 −     = −4 
    3 + 2 + 2   = 14 
                      − 3   = −13 

 
 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
(b) Solve the inequality   2 −3+2  ≥ 3, where ∈ ℝ and ≠ −2. 
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 An experiment measures the percentage of the substance remaining in the solution.   
 The percentage is measured at the same time each day.  The data collected over the first 4 

days are given in the table below.  Based on the data in the table, estimate which is the first 
day on which the percentage of the substance in the solution will be less than 0·01%. 

 

Day 1 2 3 4 

Percentage of substance (%) 95 42·75 19·2375 8·6569 
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There are three main polynomials on the course, the line (the exam likes to
use l and k to name linear functions):

l(x) = mx+ c

where m is the slope and c is where we have the line crossing the y axis.
We then have the quadratic:

f(x) = ax2 + bx+ c

and the cubic:

g(x) = ax3 + bx2 + cx+ d

For quadratics we have two roots which I prefer to call α and β as we
discussed in class:

α =
−b−

√
b2 − 4ac

2a

β =
−b+

√
b2 − 4ac

2a

The expression inside the square root determines the nature of the roots.
For two distinct roots which are real numbers:

b2 − 4ac > 0

For equal, but real roots:

b2 − 4ac = 0

For complex number roots, which we will cover in a later module:

b2 − 4ac < 0

We do not need to know the values of the roots but we can show that

 Quadratics 

5
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α+ β =
−b−

√
b2 − 4ac

2a
+ (
−b+

√
b2 − 4ac

2a
)

=
−b
2a

+ (
−b
2a

)

=
−b
a

Using x2 − y2 = (x− y)(x+ y), we can show (try yourselves), that

αβ = (
−b−

√
b2 − 4ac

2a
)(
−b+

√
b2 − 4ac

2a
)

=
c

a

These identities are useful to solve pre Project Mathematics questions but
have not being taken off the syllabus. Also they are useful for improving algebra
skills.
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The function  is such that  ( ) = 2 + 5 − 4 − 3, where   ∈  ℝ. 

(a) Show that = −3 is a root of ( ) and find the other two roots. 
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Exponential Functions

Funtions which grow very quickly are called exponentials

f(x) = 2x

as the classic example. We can generalise this to

g(x) = ax

where a can be any number. We recall a = 10 from Junior Certificate. These
exponentials lead to logarithms which are just inverses of these. These will be
discussed in a later module.

By far the most important exponential is ex where the number e is a bit
like π. These numbers are like

√
2 in that they are irrational and cannot be

expressed as a fraction, or as a rational number.
e is approximately 2.7182... but never repeats unlike 1

3 .
(Non-examinable

e =

∞∑
n=1

1

n!

)
So, if you graph 2x and 3x, ex will lie between them. ex is a function on

your calculator. This function appears everywhere on the exam.
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The graph of the function ( ) = ,  ∈  ℝ,  0 ≤ ≤ 1, is shown on the diagram below.   
 
(a)   On the same diagram, draw the graph of ℎ( ) = ,  ∈  ℝ, in the domain 0 ≤ ≤ 1.
      
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

0∙2 0∙4 0∙6 0∙8 1∙0 

1 

2 

3 

( ) =  
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Sometimes it is possible to predict the future population in a city using a function. 
The population in Sapphire City, over time, can be predicted using the following function: 

( ) = 0∙1 × 10 . 

The population in Avalon, over time, can be predicted using the following function: 

( ) = 3∙9 × 10 . 

In the functions above,  is time, in years;  = 0  is the beginning of 2010; and both  and  are 
constants. 
 

(a) The population in Sapphire City at the beginning of 2010 is 1 100 000 people.   
 Find the value of .   
 
 
 
 
 
 
 
 
 
 
 

 
(b) Find the predicted population in Sapphire City at the beginning of 2015. 
 
 
 
 
 
 
 
 
 
 

 
(c)   Find the predicted change in the population in Sapphire City during 2015. 
 
 
 
 
 
 
 
 
 

!"#$%&'( )
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(d)   The predicted population in Avalon at the beginning of 2011 is 3 709 795 people.   
 Write down and solve an equation in  to show that  = −0∙05, correct to 2 decimal places. 
 
 
 
 
 
 
 
 
 
 
(e) Find the year during which the populations in both cities will be equal. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(f) Find the predicted average population in Avalon from the beginning of 2010 to the beginning 
of 2025. 
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Solve the equation 3 23 9 11 0.x x x− − + =  
Write any irrational solution in the form ,a b c+  where , ,a b c ∈ . 
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Let ∈−+−= xxxxf ,2712)( 2 ℝ. 
(a) (i)  Complete Table 1 below. 

Table 1 

x 3 4 5 6 7 8 9 

)( xf  0 5   8   
 

 (ii) Use Table 1 and the trapezoidal rule to find the approximate area of the region bounded 
by the graph of  f  and the x-axis. 
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An oil-spill occurs off-shore in an area of calm water with no currents.  The oil is spilling at a rate 
of 36 cm 104 ×  per minute.  The oil floats on top of the water. 
 
(a) (i)   Complete the table below to show the total volume of oil on the water after each of the 

first 6 minutes of the oil-spill. 
 

Time (minutes) 1 2 3 4 5 6 

Volume (106 cm3 )   8     

 
 (ii) Draw a graph to show the total volume of oil on the water over the first 6 minutes. 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

 (iii) Write an equation for V(t), the volume of oil on the water, in cm3, after t minutes. 
 
 
 
 
 
 
 
(b)   The spilled oil forms a circular oil slick 1 millimetre thick. 
 (i) Write an equation for the volume of oil in the slick, in cm3, when the radius is r cm. 
  

1 2 3 4 5 6 

4 

8 

12 

16 

20 

24 

V
ol

um
e 

 (
10

6  
cm

3 )
 

Time (minutes) 

 !"#$%&'(  8
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x-axis at 3, 1 and 2x x x     , and the 
y-axis at (0, −6), as shown. 

Verify that )(xf  can be written as  

  .652)( 23  xxxxf  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) (i) The graph of the function 62)(  xxg  intersects the graph of the function ( )f x  

above.  Let ( ) ( )f x g x  and solve the resulting equation to find the co-ordinates of the 
points where the graphs of ( )f x  and ( )g x  intersect. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 (ii) Draw the graph of the function 62)(  xxg  on the diagram above. 

x

y 
f (x) 

-3 -2 -1 1 2

-5 

5 

 

 
(a) The graph of a cubic function f (x ) cuts the
Question  9
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 (i) Let 2 22 1, 2 2 and 2 2 1.a n b n n c n n        
Pick one natural number n and verify that the corresponding values of a, b and c form a 
Pythagorean triple. 

 
 
 
 
 
 
 
 
 
 
 (ii) Prove that 2 22 1, 2 2  and  2 2 1,a n b n n c n n        where ,n  will always 

form a Pythagorean triple. 
 
 
 
 
 
 
 
  

  ) (a) 

Three natural numbers a, b and c, such that a2 ! b2 " c2, are called a Pythagorean triple.

Question 10

16

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry



 

    
  

 

(b) ADEC is a rectangle with |AC| = 7 m  
 and |AD| = 2 m, as shown. 
 B is a point on [AC] such that |AB| = 5 m. 
 P is a point on [DE] such that |DP| = x m. 
 
 
 (i) Let 2 2 2( ) | | | | | | .f x PA PB PC      

 Show that 2( ) 3 24 86,f x x x    for 0 7, .x x     
 
 
 
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

A B C 

E P D 

x m 

5 m 2 m 

2 m 
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Ciarán is preparing food for his baby and must use cooled boiled water.  The equation kty Ae
describes how the boiled water cools.  In this equation: 
 t is the time, in minutes, from when the water boiled, 
 y is the difference between the water temperature and room temperature at time t, measured 

in degrees Celsius, 
 A and k are constants. 

The temperature of the water when it boils is C100  and the room temperature is a constant C.23  

(a) Write down the value of the temperature difference, y, when the water boils, and find the 
 value of A. 
 
 
 
 
 
 
 
 
 
 
(b) After five minutes, the temperature of the water is 88 C.  
 Find the value of k, correct to three significant figures. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(c) Ciarán prepares the food for his baby when the water has cooled to C.50   How long does it 

take, correct to the nearest minute, for the water to cool to this temperature? 
 
 
 
 
 
 
 
  

y = 

A = 

 Question 11
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(d) Using your values for A and k, sketch the curve ktAetf )(  for 0 100, .t t    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(e) (i) On the same diagram, sketch a curve ,)( mtAetg   showing the water cooling at a  faster 

 rate, where A is the value from part (a), and m is a constant.  Label each graph clearly. 
 
 (ii) Suggest one possible value for m for the sketch you have drawn and give a reason for 

your choice. 
 
 
 
  

t

y 

10 20 30 40 50 60 70 80 90 100

10 

30 

20 

40 

50 

60 

70 

80 
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(b) Solve the simultaneous equations; 
 

    

16

5
10 40

2
1

2 4 21.
2

x y z

x y z

x y z

  

  

  

 

  
 
 
 

 

                    

Question 12

(a) Find the set of all real values of x for which 2 x 2! x " 15 # 0 .

20



 

   
   

 

 

Scientists can estimate the age of certain ancient items by measuring the proportion of carbon−14, 

relative to the total carbon content in the item.  The formula used is 5730

6930 t

eQ



 , where Q is the 

proportion of carbon−14 remaining and t is the age, in years, of the item. 
 
(a) An item is 2000 years old.  Use the formula to find the proportion of carbon−14 in the item. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) The proportion of carbon−14 in an item found at Lough Boora, County Offaly, was 0·3402.  

Estimate, correct to two significant figures, the age of the item. 
 
 
 
 
 
 
 

   Question  13
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 (25 marks) 
The functions f and g are defined for x∈  as 

     
2: 2 3 2f x x x− +     and 

     2: 7g x x x+ + . 
 
(a) Find the co-ordinates of the two points where the curves 

( )y f x=  and ( )y g x=  intersect. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
  

 f  
 g  

 !"#$%&'(  14
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 (25 marks) 
A cubic function f is defined for x∈  as 

3 2: (1 )f x x k x k+ − + ,    where k is a constant. 
 
(a) Show that k−  is a root of f. 
 
 
 
 
 
 
 
(b) Find, in terms of k, the other two roots of f. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(c) Find the set of values of k for which f has exactly one real root. 
 

 

 !"#$%&'(  15
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2 8 3 1

2 3 2 2

2 5.

x y z

x y z

x y z

+ − = −
− + =
+ + =

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) The graphs of the functions : 3f x x −  and : 2g x   are shown in the diagram. 

 (i) Find the co-ordinates of the points A, B, C and D. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 (ii) Hence, or otherwise, solve the inequality 3 2x − < . 

 
  

( )y f x=

( )y g x=

x 

y 

A B 

C 

D

A = (     ,     ) B = (     ,     ) 

C = (     ,     ) D = (     ,     ) 

 
    

!"#$%&'( 16
)*+ Solve the simultaneous equations,

24

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry

Barry


